240

J. GUIDANCE
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The recent literature on spacecraft slewing maneuvers relies on two techniques for taking nonlinear effects
into acount: suboptimal torgue commands are either generated by continuation techniques from open-loop laws
arising from Pontryagin’s Maxxmum Principle, or obtained by polynomial truncation of analytic feedback laws
ansmg from Bellman’s Optlmallty Principle. Correction for suboptlmallty and unmodeled disturbances must
then be carried out on-line based on a time-varying approximation of the error dynamics along the nominal state
trajectory. In this paper it is shown how exact command generation and tracking can be obtained by standard
linear methods through the prior construction of nonlinear coordmate transformations together with nonlinear
feedback. The nonlinear equations of motion of a spacecraft controlled by internal reaction wheels are thereby

_transformed into three decoupled double integrators, driven by acceleratlon commands in attitude parameter

space. Maneuver specifications are then transformed into the equlvalent linear representation thus obtained, and
codified into linear optimal control or path-planning problems with exact solutlons, which are then transformed
back. Moreover, correction for disturbances can also be carried out in the transformed linear representation,

_making gain scheduling unnecessary. Hardware and software implementation of the linearizing transformations
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Exact Nonlinear Control of Spacecraft Slewing Maneuvers

is discussed, and corroborating simulation results are presented.

Introduction

ONTROL laws and control systems for sequential single-

raxis spacecraft rotatlonal_ maneuvers can be designed ef-
fectively with linear techniques, such as by Breakwell! and
Hefner et al.2 and with new techniques by Hefner,? Turner
and Chun,* and Juang et al.? The nonlinearity of the equa-
tions of rotational motion must be taken into account,
however, to satisfy the increasingly stringent requirements of
agile spacecraft undergomg fast multiaxial slews of large
amplitude.

Such maneuvers are customanly formulated as nonlinear
optimal control problems, and then approximately solved by
essentially one of two approaches: either a suboptimal com-
mand is generated by relaxation or continuation methods
from the coupled state and costate equations derived from
Pontryagin’s Maximum Principle, such.as by Junkins and
Turner® as well as Vadali and Junkins,”® or else by
polynomial truncations of optimal analytic feedback laws
derived from Bellman’s Optir_hality Principle, as done by
Dwyer? and Dwyer and Sena!® as well as by Carrington and
Junkins. 112

Such techniques have been found to be sufficiently accurate
with few iterations for sufficiently slow maneuvers. However,
implementable exact solutions, in the sense of guaranteeing
zero terminal error with bounded controls in the absence of
disturbances, have not been obtained by such means, except
for the case of pure rigid detumbllng with variable external
torque controls.'?

Moreover, even when a suff1c1ently accurate nominal solu-
tion is obtained, the problem of correcting for disturbances
during the maneuver leads to time-varying linear quadratic
Gaussian (LQG) problems that have to be salved along the
nominal trajectory, hence, at best, approximately im-
plemented by gain scheduling.
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In contrast, the program begun by Dwyer'* for the case of
external torque actuators, and continued here with internal
reaction wheel actuators, provides exact nominal solutions,
practically implementable in software, or with hardware sum-
mers, scalers, and integrators, by a proper choice of attitude
and rate variables, followed by the application of two
analytical artifices: appropriate invertible nonlinear coor-
dinate transformations coupled with nonlinear feedback are
first found for each system (not each maneuver) so that an
equivalent linear model of the system equations is obtained, as
advocated by Hunt et al.!* The transformed maneuver
specifications are then formulated as linear optimal control
problems, whence torque commands are obtained by means of
the inverse transformations.

In addition to providing an exact nominal solution, often in
closed form, this approach also permits the design of a single
linear regulator for the correction of disturbances, producing
incremental corrections to the fransformed command in
response to the transformed error states. The full power of
recently developed methods3* for linear regulation and track-
ing can thus be applied to general nonlinear maneuvers. The
application of such linear methods to vibration and noise sup-
pression during nonlinear slews will be reported in greater
detail elsewhere, based upon the nominal command genera-
tion algorithms developed in Ref. 14 and in the present paper.
Appended simulation results illustrate the effectiveness of the
proposed command generation method in comparison with
direct suboptimal nonlinear control.

Spacecraft and Reaction Wheel Dynamics

The spacecraft model considered by Vadali and Junkins’
will be employed here. The model consists of a rigid main
body equipped with three reaction wheels mounted coaxially
with the yaw, pitch, and roll axes originating from the
spacecraft’s center of mass, as shown in Fig. 1.

Some notation is in order: I° will denote the system inertia
matrix (main body principal moments, transverse wheel
moments, and axial wheel moments), while /4 will represent
the diagonal matrix of axial wheel moments alone. By «w will
be meant the column matrix of components of inertial angular
velocity of the spaecraft’s main body resolved along the yaw,
pitch, and roll axes, while @ will denote the column matrix of



MARCH-APRIL 1986

axial angular velocities of each reaction wheel. Finally, A will
stand for the column matrix of components of the total
angular momentum of the system, likewise resolved along the
principal spacecraft axes.

As is shown in Ref. 7, the total spacecraft angular momen-
tum is given by

h=Pw+IQ (1)

in terms of the spacecraft and wheel inertias and angular
velocities. (A more general expression is given in Refs. 8 and
12, which permits more than three reaction wheels. However,
the three-wheel example will be retained here for simplicity.)

In the absence of external torques, conservation of angular
momentum applied to Eq. (1) yields

Po+HQ+wxh=0 7))

where a dot denotes a time derivative and X a cross product,
the latter arising because of the rotation of the body-fixed
reference frame. [More generally, the right-hand side of Eq.
(2) stands for the net external torque with respect to the
spacecraft center of mass, also resolved along body axes.]

The rate of change of angular momentum about the center
of mass of each reaction wheel likewise equals the correspond-
ing wheel motor torques 7;, which are shown in Ref. 7 to be
jointly given by

P@R+a)=7 3)

There is no cross-product term because each component of
Eq. (3) corresponds to a pure spin. (Again a more general ex-
pression holds for other wheel configurations, as is given in
Refs. 7 and 12.)

Insertion of the expression for IAQ obtained from Eq. (3)
into Eq. (2) finally yields the evolution equation for w in terms
of the wheel torques 7 and the total angular momentum A:

(P—FAlo=hXw—T Gy

In general, it is necessary to propagate the total angular
momentum A (or, equivalently, the wheel angular velocities @
hidden therein) to complete the dynamic model. However, in
the absence of external torques it is possible, as in Ref. 7, to
represent the angular momentum # in terms of the column
matrix A/ of its (necessarily constant) inertial components,
through the time-varying matrix C that transforms the
underlying inertial reference frame into the - principal
spacecraft axes, as will be shown next.

Kinematic Representation
of the Angular Momentum

If the instantaneous spacecraft orientation is represented by
a virtual rotation of ¢ rad about a unit vector e, then the
change of basis matrix C from inertial to body reference can,
as usual, be parameterized by the symmetric Euler quaternion

B=col(B8,,8") &)

where vﬂo=cos(1/z¢) and B8’ =sin(%2¢)e, as in Ref. 6 (‘‘col”
denotes a column matrix). The change of basis transformation
is then given by

C=C(B)=1[28'B"T+(B5—B'TB)—2B08" x| 6)
where I is the 3 X3 identity matrix, T denotes transposition,

and 8’ x is again the matrix representation of the cross pro-
duct with 8’.

SLEWING MANEUVERS WITH INTERNAL MOMENTUM TRANSFER 241

The inertial angular momentum A’ can then be measured at
the start of a maneuver by.

K =C(BO) " {I(0)+ *(0)} M

where the components of the inertial angular velocity w(0) are
measured by yaw, pitch, and roll gyros, while the initial
angu}ag velocities Q0) of the wheels can be given by
tachometers coaxially mounted with the wheel motors, with
B(0) encoding the initial orientation determined by the attitude
determination system. Once A’ is determined, the angular
momentum in body-fixed coordinates is given by

h=h(B(1))=C(B(1))k! ®

(A simplified representation is used in Ref. 7 that requires the
preselection of a preferential inertial reference frame.
However, it will be seen below that in the approach being ad-
vocated here the choice of inertial reference frame is deter-
mined instead by maneuver-dependent requirements.)

To complete the equations of motion the evolution of the
kinematic parameter 8 must be taken into account, as is
discussed next.

Spacecraft Attitude Kinematics

The evolution of the attitude quaternion can be represented
in terms of quaternion algebra, as shown in Ref. 10, but herein
is decomposed into the evolution of its scalar part 3, and its
vector part 8’ to yield, as in Ref. 14,

Bo=— Y2078’ (9a)
B’ =% (Bow+B’ Xw) (9b)

In view of the identity
B3+6'T8 =1 (10)

that follows from the definition of 8 in Eq..(5), the scalar part
[Eq. (92)] of the kinematic equations may be omitted, pro-
vided the spacecraft maneuver (or the choice of inertial frame
of reference) is constrained to avoid having B,=0 (or
equivalently 8’78’ =1); that is, provided that the instan-
taneous spacecraft orientation is always represented by a vir-
tual rotation such that — 7 <¢ < x. One may then let

y=8" and vo=B,  if B>0
= —f’and =—By if By<0
whence it follows that
Yo=V1-7Ty an

Fig. 1 NASA standard for
reaction wheel attitude
control system.

by
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Any orientation is equally indexed by 8 or — 8 (cf. Ref. 14) SO
that in effect y=g8’ for that attitude quaternion for which
By>0.

Reduced Equations of Motion
Given that

CB)=C(B") (12)
where B*—-col(Bo,—ﬁ ) is the inverse of 8 in quatermon
algebra (cf. Ref. 10), the total angular momentum in inertial
coordinates, h!, can be measured in terms of the initial re-
duced attitude parameter y(0) by the formula

B =C(—7(0)) {(I°w(0) + *2(0) } (13)
where the change of bases is rewritten as

C=C(y)=12vv"+ (V3 — v I-2yoy X ] 14

The angular momentum in body-fixed coordinates & is then
also given by

h=h(v(D))=C(y()A (15

The reduced equations of motion are then found from Egs.
(9b) and (4) to be :

y=T(y)w (16a)
Jo=h(y) Xw—1 (16b)

where .
J=I°-14 and T'(y)=Vlyl+yXx] 17)

Nonlinear Optimal Control Formulation
The customary way of formulating an optimal maneuver,
say, for the terminal reorientation to coincide with the inertial

axes, is to pose the optimal control problem of minimizing the
performance index

Yap B’ (1)) T8’ (1) + Vapyw (t) Tw(2y)

+%§ (0,8 ()T’ (t)+qzw<r)fw(t>+rr(t>Tr(t)}dt
a8)

subject to the dynamic and kinematic equations (4) and (9).
Zero terminal error in finite time can be obtained only when it
is possible to let p,,p,— .

 In Refs. 7 and 8 an open-loop approach is followed, with
the state equations (4) and (9) and corresponding costate equa-
tions iteratively solved as a two-point boundary value problem
by the relaxation or continuation method.

In the approach taken by Carrington and Junkins,!? a
closed-loop point of view is taken, with the optimal nonlinear
feedback law represented by a linear term followed by pro-
gressively more nonlinear corrections. This can be done recur-
sively by linear processes, as shown by Dwyer in Refs. 10 and
16 and demonstrtated numerically in Ref. 12.

In all of these instances, only approximations to the optimal
torque profile can be obtained, since solutions cannot be given
in closed form. (It should be noted that the full attitude
quaternion is propagated in these references, but only its vec-
tor part. 8’ is penalized, as was found to be particularly
necessary to, obtain convergence of the Riccati equation that
generates the linear feedback term.)

Equivalent Linear Formulation

The approach followed in Ref. 14 as in the present paper ex-
ploits the fact that the reduced equations of motion [Egs.
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(16)] can be exactly transformed into an equivalent linear
system (in fact, into three decoupled double integrators) by
appropriate change of coordinates together with appropriate
nonlinear feedback; the new state vector is defined by

L) o

[cf. Eqgs. (16) and (17)], and the new input is given by
u=y=T ()] {h(y) x&~7) - VhwTuy 20)

as is shown in Appendix A. The transformed equations of mo-
tion thus become

Jfl =X, ’ (Zla)
X, =u (21b)

The attitude and angular rate variables can be recovered
from the formulas

Y=X (22a)
0=2(xpX, + x5 ', xTx, — X, XX;) (22b)

where
xo=N1—xTx, (23)

as is also shown in Appendix A. The torque 7 can then be
recovered from the transformed input # according to the fun-
damental inversion formula

1= =2J[y I +y5 vy —vXlu
— VayglwTwly+h(y) Xw . 24)

likewise derived in Appendix A.

Given the transformations [Egs. (19-24)] various
maneuvers can be performed exactly, among which model
(path) following and terminal control will be discussed below.

Path Following

By path following is meant following a desired attitude tra-
jectory y* (¢). The optimal torque cominand is then found by
substitution of the nominal attitudes, rates, and accelerations

r=v* ' (25a)
©=20737*+ (v~ v T4 —v* X 4%} (25b)
u=y* (25¢)
into Eq. (24), with v (%) =7*(¢,).

Care must be exercised in choosing the attitude trajectory
v*(¢) so that v§(¢)>0. throughout, otherwise the torque 7

. becomes unbounded.. Since usually only the initial and ter-

minal attitudes or possible discrete intermediate attitudes are
specified, y* (¢) can be shaped accordingly. This is similar to
“‘path planning’’ for robot manipulators, cf., Ref. 17.

_Terminal Control

By terminal control is meant determining a bounded com-
mand profile for reaching a desired terminal orientation. For
an infinite horizon one is reduced to a regulator problem. In
these cases the advantage of linearity in the transformed state
equations (21) is lost if the transformed performance index is
not quadratic. Therefore the angular velocity and torque
penalties in the performance index [Eq. (18)] are replaced
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here by penalties on the parametric velocity 4 and acceleration
¥, i.e., Eq. (18) is replaced by

1
Vapy () Ty () + epa i (1) Ty () + 4 Sof{qw(t)“y(t)
+ @7 (DT () +ry (O Ty () T)de (26)

which is equivalent to

Vax () TPx (L)) + YA S;f (x(1)TQx(t) +u(1)"Ru(t))dt

(26%)
where
P=diag(p,1.p,I), Q=diag(q,L.q.I)
and
R=rl
with
DP1,P2591,4, =0
and
r>0

This latter performance index is to be minimized subject to
the transformed state equations (21), with the weight g,
chosen sufficiently large so that x, (#)7x,; (£) <1 for O=t=<i;
(for positive x, =1v,), with g, allowed to be zero.

Another approach, followed in Ref. 14 for the case of at-
titude control with external torques, is to set g;=¢,=0,
whence solutions in closed form with p,,p,— o can be ob-
tained, as shown in Appendix B, and then to determine the
locus of initial conditions for which one has

max x; (5)7x, (1) <1
Oststf

This in turn reduces to evaluating x, (¢) at (at most two) real
roots of (d/de) x; (£)Tx, (¢) for 0<t< 17, as is discussed more
fully in Appendix C. It turns out that v, (¢) remains positive
with g, = g, =0 for maneuvers where the initial angular rates
are not too large, and in particular for the important case of
rest-to-rest maneuvers. The optimal transformed state and in-
put trajectories obtained for ¢,=¢,=0 and after letting
Di,D,—c0 are shown in Appendix B to be given in terms of

X, (1) =v(0) =2{1— (/t;) }2 [ V2 + (/) }¥(0)

+ (1= (/) )2 (2/t5) 24(0) @n
X (1) =3 () = = (6/¢;) (1 - (/1) } (£/£,)¥(0)

+3{(1- () YV = (/1) }74(0) 28
u(t) =4(t) = (12/6) [ (¢/t;) = 2 }%(0)

+(6/1) { (/1) — ¥ 17(0) 29

Command Generation

On-board command generation for exact terminal control
can be carried out simply by exciting three integrators with
step inputs with amplitudes given by (6/13) ((2/
t,)7:(0)+,(0)} and with integrator initial conditions given by
—(2/t7) [ (3/t)vi(0) +24,(0)} for each channel, as follows
from differentiating Eq. (29), which is seen to consist of ramp
inputs.

The input voltages to the electric motors driving the reaction
wheels can then be generated by passing the ramp signals u; (#)
through a memoryless interface, with nonlinear characteristics
given by the inversion formula [Eq. (24)] (under the presump-
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tion that the motor torques are proportional to their input
voltages).

. The nonlinear interface can be ‘‘hard wired”’ off line either
with dedicated integrated circuits or with microprocessors, in-
asmuch as the transformations can be implemented with sum-
mers, scalers, and multipliers alone. Indeed, v, = I8, can be
synthesized from y = +8’, but it can also be measured by the
same attitude determination sensors and processors that detect
the other Euler attitude parameters. Alternatively, the inver-
sion formula [Eq. (24)] can be coded as a fast nonrecursive
subroutine within the - autopilot (command generation)
software.

Correction for Disturbances

Disturbances are generally introduced in the hardware im-
plementation, such as the effects of parameter variations, ¢.g.,
oscillations in value of inertia matrices due to flexible modes,
or else distortions within the wheel motor dynamics, as well as
sensor noise. Thus, in. general, the actual attitude and rate
variables will not coincide with their nominal values.

The latter can be generated in the transformed coordinates
x; and x, simply by integrating the nominal command « once
to obtain x, and twice for x,. Those values can then be com-
pared on-line with the transformed measured states via inter-
faces with nonlinear characteristics given by Eq. (19).

A time-invariant linear regulator can then be designed to
produce a correction signal Au to be added to the nominal
command before insertion thereof into the interface im-
plementing Eq. (24) to excite the wheel actuators.

The complete control system architecture is similar to the
one designed in Ref. 14 for the case of control with external
torque commands, except for the need to set the initial angular
momentum £ (y(0)) in the command generation loops.

Parameter variations affecting the interface between con-
troller and actuators, such as the inertia matrix in Eq. (20), are
the most difficult to handle directly by the present method,
but can be corrected if accelerometer feedback is available, as
discussed in the case of robotics in Ref. 18.

Finally, the possibility of actuator saturation can be ac-
counted for by periodically resetting the command generation
program with the saturated state values, as discussed in Ref.
19 in robotics and in Ref. 20 for spacecraft maneuvers; for this
it is better to use a least-mean-square attitude parameter jerk
(i.e., the third derivative of v) to be able to specify zero initial
and terminal accelerations, as in Ref. 21.

Discussion and Conclusions

It has been shown that the equations of motion for a
spacecraft driven by internal reaction wheels can be globally
linearized in three steps, as is reviewed below.

In step 1, the absence of a net external torque was shown to
permit the elimination of the wheel dynamics, which can be
expressed in terms of the Euler attitude parameters and the
angular velocity of the body-fixed reference frame.

In step 2, the restriction of permissible maneuvers to those
that avoid the zero value for the scalar part of the Euler at-
titude quaternion (with respect to the otherwise freely chosen
inertial reference frame), permitted the reduction of the four--
dimensional Euler attitude quaternion equations to three-
dimensional ‘‘reduced”’ Euler parameter equations.

In the third and most important step, the reduced state
equations were transformed into decoupled double integrators
by redefining the new state to consist of the reduced attitude
parameter and its first time derivative, and the new input to be
the second time derivative.

Given the reduced, then globally linearized, state equations,
command generation tasks such as planning and following a
prescribed attitude trajectory, as well as terminal control with
bounded accelerations, were then formulated as analytically
solvable linear problems with state inequality constraints that
can therefore be tested analytically.
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The present slew control scheme is more directly implemen-
table than a similar design proposed earlier for the case of ex-
ternal torque commands, inasmuch as reaction wheel torques
can be varied precisely with electromechanical actuators,
‘wheéreas the usual hydrazine jets use for external torque con-
trol are not easily throttled to follow other than bang-bang
commands.

It has been-seen that the reduced quaternion yields an in-
equality constraint in the transformed systems, which can still
be handled by linear optimal control. If the full quaternion
were used, and equality constraint would occur that cannot be
handled by linear optimal control.

It should also be pointed out that if variable external
torques are available then exact prior detumbling can be car-
ried out by linear means, as has been shown by the author
earlier.!® In any case, bang-bang control with external torques
can be used to bring the angular velocity down to levels that do
not excite the feedback singularity, which can be mapped out
off line as described in Appendix C of the present paper. One
is then reduced to a rest-to-rest maneuver that can be per-
formed exactly without ever exciting the feedback singularity:
cf. Appendix D.

Appendix A:
Derivation of the Linearizing Transformations

The cross-product operation in spacecraft coordinates is
given by the matrix

0 —wy w
wx=[ wy 0 —w
—W,; W 0

and likewise for the symbol y x.
The following formulas will be needed:

T(y) " =20yl +vs 'y =y X1 (A1
/]

—a—w—l‘(‘v)w=1’(7)=‘/2[701+7><] : (A2)
3 9 T, 1% —~1a,T
—Yo=7—(1—-v'y)"? =~y (A3)
dy dy

iI’('y)w=-L,—;2—1/z(oyyo +yXw)= -y leyT +wx] (Ad)
, Y

oy

VT(e=Y% {1 oty (1xe) ) =%y e (AS)

oXT(y)w=Y20X (y X ) =Y (0Twy —wwTy) ‘(A6)
Ty =20y +vs ' vwiy—vXxy)

=2{vov+v5 ' (1 =78y} = (2/vo)v (A7)
Equation (22b) for w follow from Egs. (19) and (Al). .
Equation (20) for u follows from the insertion of Egs. (A2)

and (A4-A6), together with Eq. (16a) for 4 and (16b) for &, in-
to the following chain rule formula:

u=v=gv

(o . d } .

_ {Wr(y)w}7+ formefo @y
Finally, Eq. (20) yields

r==JI'(y) Y (u+Y%eTwy)+h(y) Xe==JT(y) 'u

—YiTwl T ()~ 1y +h(y) Xw (A9)

whence Eq. (24) for  follows from the insertion above of Eq.

(A7).
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Appendix B:
Derivation of the Optimal Control Solution

The minimizing control with g, =g, =0 but finite p, and p,
is given by the standard feedback law

u(t)=—(1/r)[0 I1P(t;—t)x(1) (B1)

where P(7) is the positive definite solution of the matrlx dif-
ferential Riccati equation

P(T)=P(T){0 I-'+[O O—IP(T)
Lo o] LI.0]}

0
—P(7) { / ] (1/r)[0 I1P(7) (B2a)

in terms of the time-to-go 7= t,—t, initialized by

pd 0
{ 0 -pf |

The absence of a mean state penalty makes it doubly advan-
tageous to propagate instead the inverse matrix

PO)= - (B2b)

(r)=P(r)~! (B3)

The evolution equation for II(7) is obtained by pre- and post-
multiplying Egs. (B2) by II(7) and ¢hanging sign to yield

‘ 01 00 00
—nuy:{ ]nuynuﬂ[ }-4Uﬂ{ }
00 10 01

(B4a)
initialized by

I(0) = [

(/p)I 0 }
(B4b)

0 (1/p)I

The double advantage is that Eqs. (B4) are Lyapunov equa-
tions, hence /inear, and moreover the terminal penalties p; ap-.
pear inverted, hence, may be allowed to diverge before solving
the equation. [The latter would still be true even for g;=0,
although Eqgs. (B4) would then become additional Riccati
equations.] By partitioning

= {I;},i,j=1,2, with II;, =1},
Eqgs. (B4) are reduced to the system

TL,(0)=0 (BSa)

~My(r)=—(1/r)],
—I1,, (7) =y (1), I,0)=0 - (BSH)
—10,, (1) =2, (1), I0,,(0)=0 (B5c)

after letting (1/p;)—0, i=1,2. Equations (B5) can be solved
sequentially to yield

1 3l —Vaei]
(7)) =—. (B6)
r| v Tl
which, by inversion, yields _
61 311 o
P(r)=(2r/) B7)
3rI 221

(as stated without proof in Ref. 14),
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Insertion of Eq. (B7) into Eq. (B1) yields the optimal feed-
back law

u(t)y=—(6/(t;—)2}x, (1) — {4/ (1, = 1) }x, (1) (B8)

which, when inserted into the double integrator equations
(21), yields the time-varying linear vector equation

(t,—1)%%, (1) +4(5,— )%, (1) +6x, (1) =0 (B9)

(also stated without proof in Ref. 14), which has a regular
singular point-at t=¢,. However, Eq. (B9) is fortunately of
“‘Ruler type,”’ with real roots for its indicial equation, leading
to a simple closed-form solution of the form

x (D =(t=1)’p+ (4;,—1)*q (B10)
whence
X ()= =3(;—0)p-2(1,—1)q (B11)
and
u(t)=6(t;—t)p+2q (B12)

The vector coefficients p and g are obtained from Egs.
(B10) and (B11) with =0, in terms of the initial data y(0) and
$(0)=T(v(0)) " 'w(0), as found in Ref. 14, to finally yield
Egs. (27-29).

Appendix C: Singularity Avoidance
Since one has °

x,(0)x,(0) = v(0)T(0) <1

by hypothesis, as well as x, (#,) =0 by inspection of Eq. (27) or
(B10), it follows that the constraint v, (¢) >0 will be violated
during the maneuver [by virtue of Eq. (11)], if, and only if, it
is violated at an interior local maximum of x,(¢#)7x, ().
Therefore, it is enough to examine the extrema of the nor-
malized quadratic .

3pTps?+5pTqs+297q=0 (C))

for 0<s<1, where s= (¢,—1)/t;, as follows from examining
the formula~ ’

d
E[xl (O (1)) == (=) (3(4,~1)’pTP

+5(t;—)pTq+297q)} (C2)

that is easily derived from Eq. (B10).

The feedback singularity will occur if, and only if, it occurs
at ;= (1'—sj)tf for j=1,2, where the s; are the roots of the
quadratic equation (C1). Hence it is enough to test the norm
of x, (¢) at two points at most, i.e.,

)T (<1, j=1.2 (©3)

In particular, constraints of Eq. (C3) will be vacuously
satisfied if the roots of Eq. (C1) lie outside the open interval
(0,1), as is the case for rest-to-rest maneuvers (see Ref. 14).
The constraints are also vacuously satisfied if the roots of Eq.
(C1) are complex, which occurs if, and only if, the condition

cos? (p,q) <24/25 (CH)

is verified.

If the tests of Egs. (C3) and (C4) fail, such as for very
high initial tumbling rates, then the commands defined by Eq.
(29) cannot be used. In this case, either a prior detumbling
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command can be used, as derived in Ref. 13, or one must
choose a sufficiently large mean state penalty g, on x, in the

‘performance index [Eq. (26*): In this case P(). of Egs. (B1)

and (B2) must be recalculated, and the locus of g, for which
70 (#) remains positive determined therefrom.

Still another solution is to use a minimum jerk, rather than
an acceleration maneuver, which permits starting and ending
with zero torques, and restart the optimal acceleration com-
mand at the actual state reached at the end of any midcourse
saturation region, as done for robots in Ref. 19 and for
spacecraft in Ref. 20.

Appendix D: Simulation Results

For the sake of comparison, the spacecraft with three iden-
tical orthogonal reaction wheels considered by Vadali and
Junkins’ was selected for simulation, as well as the same
maneuver time and initial conditons, as given below.
However, unlike Ref. 7, a least-mean-square attitude
parameter acceleration maneuver, given by Eqgs. (1) and
(27-29), is used rather than a least-mean-square torque.

The spacecraft products of inertia were therefore chosen to
be IS, =87.212, I3, =86.067, I3; = 114.562, I% = -0.2237 for
i#j, and the common axial moments of inertia of the reaction
wheels, all in kg-m? were I4 =0.05, i=1,2,3. (The presence of
skew terms in I° in this example arises from a locked fourth
skew wheel, used for backup in the NASA standard configura-
tion; cf. Ref. 12.)

The initial Euler parameters were chosen, as in Ref. 7,
to correspond to a virtual rotation of ¢ =100 deg about the

'OO 20 4'0 6LO 80 100

SECONDS

Fig. D1 Attitude parameters ‘yib o,i=1;, v,i=2; o,i=3.
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Fig. D2 Angular velocities w; in rad/s; o ,i= 1'; V,i=2; 0,i=3.
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Fig. D3 Torques 7; in N/m; o,i=1; v,i=2; 0,i=3.

axis e=(1/V3) col (1,1,1), to yield
v{(0)=B,(0)=0.44227597, i=1,2,3
Y0(0) =Bo(0) = 0.64278761

Again following Ref. 7. the initial angular velocity com-
ponents in body axes in radians per second were chosen to be

@(0)=0.01, w,(0)=0.005, ,;(0)=0.001
The reaction wheels were supposed to be initially at rest,
2,0)=0.0, i=1,2,3

It follows from Egs. (13) and (14) that the inertial com-
ponents of the total angular momentum in kg-m?2 rad/s
become ,

h=0.22030, A5=1.90914,  Ai{=0.28042
‘ It also follows from Eqgs. (16a) and (17) that
¥1(0) =0.0023294, 4,(0)=0.0035972, 4;(0) = — 0.0007843

The final time was also chosen, as in Ref. 7, to be ¢;=
100.0 s.

Figure D1 shows the simulated evolution of the Euler
parameters v, (¢), which are seen to have been driven exactly
to their zero targets at the end of the maneuver, as expected.
Figure D2 shows the simulated evolution of the body com-
ponents w; (¢) of angular velocity in radians per second, which
are also seen to have been driven exactly to their targets.
Figure D3 shows the simulated evolution of the torque com-
ponents 7;(t), which are seen to have remained bounded
throughout the maneuver.

It should be noted finally that the axial angular velocity
histories Q,(¢) of the reaction wheels can be synthesized if
desired from the torque component histories 7;(¢) and the
spacecraft angular velocity component histories w; (#) by in-
tegration of Eq. (3), which yields

8,0 =00 + 00 -0+ W | ras  ©Y

for i=1,2,3 and O=<t=<1,. Since, as can be seen from Fig. D3,
the torque components cross over from positive to negative
-approximately halfway during the terminal control maneuver,
the integrals in Eq. (D1) can be expected to be small for ¢=1,.
Moreover, since w; (¢;) =0 and 2;(0)=0 by design, it follows

J. GUIDANCE

that the final reaction wheel angular velocities Q; (¢) should
be comparable to the initial spacecraft angular velocity com-
ponents w;(0) (with more integrated torque contributions the
smaller the wheel inertias I#). This behavior is consistent with
the ‘““momentum transfer’’ character of the maneuver.
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